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What is a Topological Field Theory?
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Extended
Topological
Field Theories
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Dimensions

Chris Atiyah-Segal Axioms:

Schommer-

Pries A TFT is a symmetric monoidal functor:

Bord — C
~— ~—

Bordism Categor Tar r
What are gory arget Category
Topological
Field Theories?

Usually C is (Vect, ®)
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What are
Topological
Field Theories?

Why Topological Field Theories?

m Geometry < Algebra
m Manifold Invariants.

m Toy Models.
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Geometry vs. Algebra

Classifying
Extended
Topological
Field Theories
in Low Theorem (Folklore)

Dimensions

Chris 2D TFTs are Commutative Frobenius Algebras

Schommer-
Pries

[R. Dijkgraaf, L. Abrams, S. Sawin, B. Dubrovin, Moore-Segal, .. .]

Field Theories?

unit multiplication comultiplication counit
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Why
Topological
Field Theories?

Distinguishing Manifolds

m 2D TFTs distinguish surfaces.

m 4D (unitary) TFTs cannot detect smooth structures.
[Freedman-Kitaev-Nayak-Slingerland-Walker-Wang]
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Distinguishing Manifolds
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Extended
Topological
Field Theories
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Rimensions m 2D TFTs distinguish surfaces.

Chris
Schommer- m 4D (unitary) TFTs cannot detect smooth structures.

- [Freedman-Kitaev-Nayak-Slingerland-Walker-Wang]
m 5D (unitary) TFTs can detect, if 73 = 0. [Kreck-Teichner]

m > 6D (unitary) TFTs cannot detect homotopy type.
[Kreck-Teichner]

Why
Topological
Field Theories?
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Distinguishing Manifolds

Classifying
Extended
Topological
Field Theories
in Low

Rimensions m 2D TFTs distinguish surfaces.

Chris
Schommer- m 4D (unitary) TFTs cannot detect smooth structures.

- [Freedman-Kitaev-Nayak-Slingerland-Walker-Wang]

m 5D (unitary) TFTs can detect, if 73 = 0. [Kreck-Teichner]
m > 6D (unitary) TFTs cannot detect homotopy type.

ol [Kreck-Teichner]

RN Open Problem: Can 3D TFTs distinguish 3-manifolds?
Evidence suggest "yes?". [Calegari-Freedman-Walker|

Chris Schommer-Pries Classifying Extended Topological Field Theories in Low Dimens



Examples of 3D TFTs

Classifying . . .
Saante] Reshetikhin-Turaev Construction: Input: Modular Tensor
opologica
ORI  Category, (M, ®)
in Low
Dimensions

Chri
Schommer-
Pries

Why
Topological
Field Theories?
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Examples of 3D TFTs

Classifying . . .
Saante] Reshetikhin-Turaev Construction: Input: Modular Tensor
opologica
ORI  Category, (M, ®)
in Low
Dimensions

Z

oy /\ Zs

Topological
Field Theories?

vector space
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Examples of 3D TFTs

Classifying . . H
Extended Reshetikhin-Turaev Construction
Topological
ORI  Category, (M, ®)
in Low
Dimensions

. Input: Modular Tensor

Z
Yo rogical M3 ' Z):,-,, - Ziout
Field Theories?
bordism linear map
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Examples of 3D TFTs

Classifying . . .
Saante] Reshetikhin-Turaev Construction: Input: Modular Tensor
opologica
ORI  Category, (M, ®)
in Low
Dimensions

| <|D C>\ <D\ T linear cat
Z
EZ ¥ > linear functor
Why
Topological
Field Theories?
(-

linear cat
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What is an Extended TFT?

m Higher Categorical Bordism Category: (Bord, L)

m An Extended TFT is a symmetric monoidal n-functor:

Bord — C
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What is an Extended TFT?

Classifying
Extended

Topological . ) i
Field Theorie m Higher Categorical Bordism Category: (Bord, L)
Dimensions

m An Extended TFT is a symmetric monoidal n-functor:
Chris

Schommer-

rics Bord — C

Easiest Case: Bicategory, Bord,
m Objects are zero manifolds.
m 1-Morphisms are 1-bordisms.

What are m 2-Morphisms are 2-bordisms (between 1-bordisms)

Extended

TFTS? (up to isomorphism)
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Classifying
Extended TFTs
in Dimension
Two

Classification Theorem

Theorem (SP)

The Bordism Bicategory has the following Generators and

Relations as a Symmetric Monoidal Bicategory:

Generating Objects:

Generating 1-Morphisms:

o

Generating - " @

2-Morphisms:

N
-

Symmetry generators

Chris Schommer-Pries

2D Morse generators

@

Cusp generators
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Classifying
Extended TFTs
in Dimension
Two

The Relations

Relations among
2-Morphisms:

Chris Schommer-Pries
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Application

Classifying
Extended
Topological
Field Theories

in Low Alg = Bicat. of Algebras, Bimodules, Intertwiners.

Corollary (SP)

Dimensions

Chris
Schommer-
Pries

TFT,(Alg) ~ the bicategory with objects:
m Separable Algebras A,
m (Symmetric) Morita equivalence A ~ AP, (e.g. x-str.)
m Symmetric Frobenius Structure on A.

with Morita equivalences as 1-morphisms, isomorphisms as
2-morphisms.

Classifying
Extended TFTs
in Dimension
Two
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The Proof

Proof: Step 1

Make Sense of Generators/Relations for Symmetric Monoidal

Bicats.

Chris Schommer-Pries
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Proof: Step 1

Classifying
Extended
Topological
Field Theories
in Low

Dimensions Make Sense of Generators/Relations for Symmetric Monoidal
Chris Bicats.

Schommer-
Pries

Theorem (SP)

Given Generators/Relations Data: (G, R)
There is a symmetric monoidal bicat. F(g gy such that

SymBicat(F (g r), C) < (G, R)-data in C.

The Proof
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Proof: Step 2
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Chris Theorem (SP)
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Pries

F(c,r) — Borda is an equivalence of symmetric monoidal
bicategories iff

m Essentially surjective on objects
m Essentially full on 1-morphisms

m Fully-faithful on 2-morphisms.

The Proof
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m Essentially surjective on objects v
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Proof: Step 2
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F(c,r) — Borda is an equivalence of symmetric monoidal
bicategories iff

m Essentially surjective on objects v
m Essentially full on 1-morphisms v/

m Fully-faithful on 2-morphisms.

The Proof
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Proof: Step 3 (1D Warmup)
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The Proof

Chris Schommer-Pries

Morse Function
s

critical value —
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: Step 3 (1D Warmup)

Classifying
Extended
Topological
Field Theories
in Low
Dimensions

Chris
Schommer-
Pries

Morse Function
s

DOl

critical value —

m U «—— Elementary 1-Dimensional Pieces

The Proof
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: Step 3 (1D Warmup)

Classifying
Extended ‘

Topological
Field Theories
in Low
Dimensions

N

\_/
/\ Morse Function
s

E

m U «—— Elementary 1-Dimensional Pieces

The Proof
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: Step 3 (1D Warmup)

Classifying
Extended
Topological
Field Theories
in Low
Dimensions

Morse Function
_—

Cerf Theory Gives Relations!

The Proof
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Singularities of Generic maps ¥? — RR?

Classifying
Extended
Topological
Field Theories
in Low
Dimensions

Use the projection ¥ — R? — R.

Chris
Schommer-
Pries

3 Kinds of Singularities:
m Folds
m Cusps
m 2D Morse

The Proof
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The Proof

Folds and Cusps
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2D Morse
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The Proof
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Example
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Planar Decompositions

Classifying
Extended
Topological H 2
miseciel  Generic Maps to R° Decompose Surfaces!
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The Proof
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Planar Decompositions

Classifying
Extended
Topological H 2 ™
sl  Generic Maps to R Decompose Surfaces!
in Low ! ‘
Dimensions
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When are two Decompositions Equivalent?

The Proof
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Singularities of Generic Maps ¥ x | — R? x /
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Pries Paths Of. .

m 2D Morse Relation
m Folds ]

m Cusp Inversion
m Cusps )

m Cusp Flip
m 2D Morse i

m Swallowtails

The Proof
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Paths of Folds, Cusps, and 2D Morse
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The Proof
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The Proof

2D Morse Relation
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Cusp Inversion
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O
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[ERROR]

The Proof
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Cusp Flip and Swallowtail
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Planar Decomposition

Classifying
Extended
Topological

Field Theories Theorem (S P)

in Low
Dimensions

i Maps for surfaces give elementary generators:

Schommer-
Pries | FO/dS,
m Cusps,
m 2D Morse, and

m “Gluing Data”

Maps for ¥ x | give elementary relations.

The Proof
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Planar Decomposition
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Field Theories Theorem (S P)

in Low
Dimensions

i Maps for surfaces give elementary generators:

Schommer-
Pries | FO/dS,
m Cusps,
m 2D Morse, and

m “Gluing Data”

Maps for ¥ x | give elementary relations.

= Step 3 vV

The Proof
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What Now?
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What Now?
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Better Names for Singularities?
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What Now?
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m Additional Structure?

m Higher Dimensions?
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Additional Structure
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i Additional Structure

Schommer-

Pries must be

m A Sheaf/Stack m Orientations
m Spin Structures

Examples:

m Monoidal
m G-principal

m Topological
PoTog bundles

(can remove?)
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Example

Classifying
Extended
Topological
Field Theories
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Dimensions

Hik G Discrete Group.

Schommer-

Pries G-Bundle Top. Field Theories = TFT¢(C).

Theorem
TFTs(C) ~ Fun(G, TFT(C))

Consistent with the Hopkins-Lurie Classification.
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Higher Dimensions

Classifying

Extended (Joint with C. Douglas)

Topological
LR  (Preliminary Generators)
in Low
Dimensions
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